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FOREWORD

The National Curriculum Framework (NCF) 2005, recommends that children’s life
at school must be linked to their life outside the school. This principle marks a departure
from the legacy of bookish learning which continues to shape our system and causes
a gap between the school, home and community. The syllabi and textbooks developed
on the basis of NCF signify an attempt to implement this basic idea. They also
attempt to discourage rote learning and the maintenance of sharp boundaries between
different subject areas. We hope these measures will take us significantly further in
the direction of a child-centred system of education outlined in the national Policy on
Education (1986).

The success of this effort depends on the steps that school principals and teachers
will take to encourage children to reflect on their own learning and to pursue imaginative
activities and questions. We must recognize that, given space, time and freedom, children
generate new knowledge by engaging with the information passed on to them by adults.
Treating the prescribed textbook as the sole basis of examination is one of the key
reasons why other resources and sites of learning are ignored. Inculcating creativity
and initiative is possible if we perceive and treat children as participants in learning, not
as receivers of a fixed body of knowledge.

This aims imply considerable change is school routines and mode of functioning.
Flexibility in the daily time-table is as necessary as rigour in implementing the annual
calendar so that the required number of teaching days are actually devoted to teaching.
The methods used for teaching and evaluation will also determine how effective this
textbook proves for making children’s life at school a happy experience, rather then a
source of stress or boredom. Syllabus designers have tried to address the problem of
curricular burden by restructuring and reorienting knowledge at different stages with
greater consideration for child psychology and the time available for teaching. The
textbook attempts to enhance this endeavour by giving higher priority and space to
opportunities for contemplation and wondering, discussion in small groups, and activities
requiring hands-on experience.

The National Council of Educational Research and Training (NCERT) appreciates
the hard work done by the textbook development committee responsible for this book.
We wish to thank the Chairperson of the advisory group in science and mathematics,
Professor J.V. Narlikar and the Chief Advisor for this book, Professor P. Sinclair of
IGNOU, New Delhi for guiding the work of this committee. Several teachers contributed
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to the development of this textbook; we are grateful to their principals for making this
possible. We are indebted to the institutions and organizations which have generously
permitted us to draw upon their resources, material and personnel. We are especially
grateful to the members of the National Monitoring Committee, appointed by the
Department of Secondary and Higher Education, Ministry of Human Resource
Development under the Chairpersonship of Professor Mrinal Miri and Professor G.P.
Deshpande, for their valuable time and contribution. As an organisation committed to
systemic reform and continuous improvement in the quality of its products, NCERT
welcomes comments and suggestions which will enable us to undertake further revision
and refinement.

Director
New Delhi National Council of Educational
20 December 2005 Research and Training
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RATIONALISATION OF CONTENT IN THE TEXTBOOKS

In view of the COVID-19 pandemic, it is imperative to reduce content load on students.

The National Education Policy 2020, also emphasises reducing the content load and

providing opportunities for experiential learning with creative mindset. In this
background, the NCERT has undertaken the exercise to rationalise the textbooks

across all classes. Learning Outcomes already developed by the NCERT across

classes have been taken into consideration in this exercise.

Contents of the textbooks have been rationalised in view of the following:

Overlapping with similar content included in other subject areas in the same class
Similar content included in the lower or higher class in the same subject
Difficulty level

Content, which is easily accessible to students without much interventions from
teachers and can be learned by children through self-learning or peer-learning

Content, which is irrelevant in the present context

This present edition, is a reformatted version after carrying out the changes

given above.
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THE CONSTITUTION OF
INDIA

PREAMBLE

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
'[SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC] and to secure
to allits citizens:

JUSTICE, social, economic and
political;

LIBERTY of thought, expression, belief,
faith and worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of
the individual and the ’[unity and
integrity of the Nation];

IN OUR CONSTITUENT ASSEMBLY
this twenty-sixth day of November, 1949 do
HEREBY ADOPT, ENACT AND GIVE TO
OURSELVES THIS CONSTITUTION.

1. Subs. by the Constitution (Forty-second Amendment) Act, 1976, Sec.2,
for "Sovereign Democratic Republic” (w.e.f. 3.1.1977)

2. Subs. by the Constitution (Forty-second Amendment) Act, 1976, Sec.2,
for "Unity of the Nation" (w.e.f. 3.1.1977)

Reprint 2025-26




CHaPTER 1

NUMBER SYSTEMS

1.1 Introduction

In your earlier classes, you have learnt about the number line and how to represent
various types of numbers on it (see Fig. 1.1).

1 1 I
T T L
3

1 2

A\ 4

1 1 1
T T T

3 2 -1 -

1

0

| —

W= T

= 4

Fig. 1.1 : The number line

Just imagine you start from zero and go on walking along this number line in the
positive direction. As far as your eyes can see, there are numbers, numbers and

numbers!

Fig. 1.2

Now suppose you start walking along the number line, and collecting some of the
numbers. Get a bag ready to store them!
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2 MATHEMATICS

You might begin with picking up only natural
numbers like 1, 2, 3, and so on. You know that this list

s8; N
goes on for ever. (Why is this true?) So, now your 6 lys
.. . 71 3 A652
bag contains infinitely many natural numbers! Recall 10977
that we denote this collection by the symbol N. 001 2440
Now turn and walk all the way back, pick up
zero and put it into the bag. You now have the
collection of whole numbers which is denoted by
the symbol W. 0
W
s
O'sg

Now, stretching in front of you are many, many negative integers. Put all the
negative integers into your bag. What is your new collection? Recall that it is the
collection of all integers, and it is denoted by the symbol Z.

»
>
EPN 2, Z comes from the
> German word
1671 55 8 “zahlen”, which means
0
\ J “to count”.
& 55 -4
74 40 15540
2509
Are there some numbers still left on the line? Of course! There are numbers like
1 3 -2005 . o
—>—>oreven . If you put all such numbers also into the bag, it will now be the
2 4 2006
17
& 981
900\6% -
3
% 6625 Jl_9/b @\
J 7 1 O ;é %, /2) J 9
] 62 §‘; 900 J‘/ =y 65d3999<b(
2970 7 ' 6721 60
71 4/6625 16L N 12
S 49
60
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NUMBER SYSTEMS 3

collection of rational numbers. The collection of rational numbers is denoted by Q.
‘Rational’ comes from the word ‘ratio’, and Q comes from the word ‘quotient’.

You may recall the definition of rational numbers:

A number ‘7’ is called a rational number, if it can be written in the form g,

where p and ¢ are integers and g # 0. (Why do we insist that ¢ # 0?)

Notice that all the numbers now in the bag can be written in the form g , where p

-25
and ¢ are integers and ¢ # 0. For example, —25 can be written as T; here p =-25
and g = 1. Therefore, the rational numbers also include the natural numbers, whole
numbers and integers.
You also know that the rational numbers do not have a unique representation in
p 1 2 10 _ 25

the form rk where p and ¢ are integers and g # 0. For example, 2 1720 30

47
=94 and so on. These are equivalent rational numbers (or fractions). However,

when we say that £ is a rational number, or when we represent L 41 the number
Y q P q

line, we assume that ¢ # 0 and that p and ¢ have no common factors other than 1
(that is, p and ¢ are co-prime). So, on the number line, among the infinitely many

1 1
fractions equivalent to 5 we will choose ) to represent all of them.

Now, let us solve some examples about the different types of numbers, which you
have studied in earlier classes.

Example 1 : Are the following statements true or false? Give reasons for your answers.
(i) Every whole number is a natural number.

(i) Every integer is a rational number.

(ii)) Every rational number is an integer.

Solution : (i) False, because zero is a whole number but not a natural number.

m
(i) True, because every integer m can be expressed in the form T and so it is a
rational number.
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4 MATHEMATICS

3
(iii) False, because 5 is not an integer.

Example 2 : Find five rational numbers between 1 and 2.
We can approach this problem in at least two ways.

Solution 1 : Recall that to find a rational number between r and s, you can add » and

r+s 3
s and divide the sum by 2, that is lies between r and s. So, — is a number

2
between 1 and 2. You can proceed in this manner to find four more rational numbers
5 11 13 7
between 1 and 2. These four numbers are 133 and 7

Solution 2 : The other option is to find all the five rational numbers in one step. Since
we want five numbers, we write 1 and 2 as rational numbers with denominator 5 + 1,

i 1—g d2= ETh h ktht7 LI d—11 1l rational

ie,l="an 6 en you can check that °~, -, === and -~ areall rationa
7435 11

numbers between 1 and 2. So, the five numbers are <37 5 dg

Remark : Notice that in Example 2, you were asked to find five rational numbers
between 1 and 2. But, you must have realised that in fact there are infinitely many
rational numbers between 1 and 2. In general, there are infinitely many rational
numbers between any two given rational numbers.

Let us take a look at the number line again. Have you picked up all the numbers?
Not, yet. The fact is that there are infinitely many more numbers left on the number
line! There are gaps in between the places of the numbers you picked up, and not just
one or two but infinitely many. The amazing thing is that there are infinitely many
numbers lying between any two of these gaps too!

So we are left with the following questions:

1. What are the numbers, that are left on the number
line, called?

2. How do we recognise them? That is, how do we
distinguish them from the rationals (rational
numbers)?

These questions will be answered in the next section.
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NUMBER SYSTEMS 5

EXERCISE 1.1

p

1. Iszero arational number? Can you write it in the form E , where p and ¢ are integers
and g # 0?
2. Find six rational numbers between 3 and 4.

4

3
3. Find five rational numbers between g and g

4. State whether the following statements are true or false. Give reasons for your answers.
(1) Every natural number is a whole number.
(i) Every integer is a whole number.

(i) Every rational number is a whole number.

1.2 Irrational Numbers

We saw, in the previous section, that there may be numbers on the number line that
are not rationals. In this section, we are going to investigate these numbers. So far, all

the numbers you have come across, are of the form g, where p and ¢ are integers

and g # 0. So, you may ask: are there numbers which are not of this form? There are
indeed such numbers.

The Pythagoreans in Greece, followers of the famous
mathematician and philosopher Pythagoras, were the first
to discover the numbers which were not rationals, around
400 BC. These numbers are called irrational numbers
(irrationals), because they cannot be written in the form of
a ratio of integers. There are many myths surrounding the
discovery of irrational numbers by the Pythagorean,
Hippacus of Croton. In all the myths, Hippacus has an

unfortunate end, either for discovering that V2 isirrational

or for disclosing the secret about V2 to people outside the Pythagoras

secret Pythagorean sect! (569 BCE-479 BCE)
Fig. 1.3

Let us formally define these numbers.

A number ‘s’ is called irrational, if it cannot be written in the form g, where p

and ¢ are integers and g # 0.
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6 MATHEMATICS

You already know that there are infinitely many rationals. It turns out that there
are infinitely many irrational numbers too. Some examples are:

V2,43, {15, m,0.10110111011110...

Remark : Recall that when we use the symbol / , we assume that it is the
positive square root of the number. So /4 = 2, though both 2 and -2 are square
roots of 4.

Some of the irrational numbers listed above are familiar to you. For example, you
have already come across many of the square roots listed above and the number .

The Pythagoreans proved that /2 is irrational. Later in approximately 425 BC,
Theodorus of Cyrene showed that /3, \/5, /6, /7, 10, V11, V12, V13, 14, /15
and \/ﬁ are also irrationals. Proofs of irrationality of \/E s \/5 s \/E , etc., shall be

discussed in Class X. As to m, it was known to various cultures for thousands of
years, it was proved to be irrational by Lambert and Legendre only in the late 1700s.
In the next section, we will discuss why 0.10110111011110... and = are irrational.

Let us return to the questions raised at the end of

the previous section. Remember the bag of rational s R
numbers. If we now put all irrational numbers into 9900981 S »
the bag, will there be any number left on the number [006{% 36 ;%
line? The answer is no! It turns out that the collection ~6566 2 3é N
of all rational numbers and irrational numbers together o % oy 7 62

. 45 5 8 60 3
make up what we call the collection of real numbers, 1

which is denoted by R. Therefore, a real number is either rational or irrational. So, we
can say that every real number is represented by a unique point on the number
line. Also, every point on the number line represents a unique real number.
This is why we call the number line, the real number line.

In the 1870s two German mathematicians,
Cantor and Dedekind, showed that :
Corresponding to every real number, there is a
point on the real number line, and corresponding
to every point on the number line, there exists a
unique real number.

R. Dedekind (1831-1916) G. Cantor (1845-1918)
Fig.1.4 Fig. 1.5
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NUMBER SYSTEMS 7

Let us see how we can locate some of the irrational numbers on the number line.

Example 3 : Locate V2 on the number line.

Solution : It is easy to see how the Greeks might have discovered C B

2
V2 . Consider a square OABC, with each side 1 unit in length (see V2 1

Fig. 1.6). Then you can see by the Pythagoras theorem that O LA
OB = /I + 12 = /2 . How do we represent /2 on the number line? Fig. 1.6

This is easy. Transfer Fig. 1.6 onto the number line making sure that the vertex O
coincides with zero (see Fig. 1.7).

@)
va®

ﬁl\ﬁ
4

\
¢ =
-3 -2 -1= 0 AP 2 3

Fig. 1.7

We have just seen that OB = /3 . Using a compass with centre O and radius OB,

draw an arc intersecting the number line at the point P. Then P corresponds to /7 on
the number line.

Example 4 : Locate /3 on the number line.

Solution : Let us return to Fig. 1.7.

D
\\
\\
S G
1 \\\\ J3
< t t —— ! H‘/; t
3 2 71%0 APQ 3
Fig. 1.8

Construct BD of unit length perpendicular to OB (as in Fig. 1.8). Then using the

2
Pythagoras theorem, we see that OD = (\/5 ) +12 =43, Using a compass, with

centre O and radius OD, draw an arc which intersects the number line at the point Q.

Then Q corresponds to /3 .
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8 MATHEMATICS

In the same way, you can locate +/; for any positive integer n, after \/n — 1 has been

located.

EXERCISE 1.2

1. State whether the following statements are true or false. Justify your answers.

(1) Every irrational number is a real number.

(ii) Every point on the number line is of the form /m , where m is a natural number.

(i) Every real number is an irrational number.

2. Are the square roots of all positive integers irrational? If not, give an example of the
square root of a number that is a rational number.

3. Show how /5 can be represented on the number line.

4. Classroom activity (Constructing the ‘square root
spiral’) : Take a large sheet of paper and construct
the ‘square root spiral’ in the following fashion. Start
with a point O and draw a line segment OP, of unit
length. Draw a line segment P P, perpendicular to
OP, of unit length (see Fig. 1.9). Now draw a line
segment P_P_ perpendicular to OP,. Then draw a line
segment PP, perpendicular to OP,. Continuing in
this manner, you can get the line segment P_ P by
drawing a line segment of unit length perpendicular to OP__ . In this manner, you will
have created the points P, P.,...., P ,... ., and joined them to create a beautiful spiral

depicting \/5, \/3, \/Z,

Fig. 1.9 : Constructing
square root spiral

1.3 Real Numbers and their Decimal Expansions

In this section, we are going to study rational and irrational numbers from a different
point of view. We will look at the decimal expansions of real numbers and see if we
can use the expansions to distinguish between rationals and irrationals. We will also
explain how to visualise the representation of real numbers on the number line using
their decimal expansions. Since rationals are more familiar to us, let us start with

10 7 1

them. Let us take three examples : ERRE

Pay special attention to the remainders and see if you can find any pattern.
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NUMBER SYSTEMS 9

Example 5 : Find the decimal expansions of ER % and %
Solution :
[3.333... 0.875 0.142857...
3[10 817.0 711.0
9 64 7
10 60 30
9 56 28
10 40 20
9 40 14
10 0 60
9 56
1 40
35
50
49
1
Remainders: 1,1,1,1,1... Remainders : 6,4, 0 Remainders: 3,2, 6,4, 5,1,
Divisor: 3 Divisor : 8 3,2,6,4,5,1,...
Divisor: 7

What have you noticed? You should have noticed at least three things:

(M)
(i)

(iii)

The remainders either become 0 after a certain stage, or start repeating themselves.

The number of entries in the repeating string of remainders is less than the divisor

10 o . .
(in 3. one number repeats itself and the divisor is 3, in 7 there are six entries

326451 in the repeating string of remainders and 7 is the divisor).

If the remainders repeat, then we get a repeating block of digits in the quotient

10 1
(for 3 3 repeats in the quotient and for 7 we get the repeating block 142857

in the quotient).
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Although we have noticed this pattern using only the examples above, it is true for all

rationals of the form £ (g #0). On division of p by ¢, two main things happen — either
g q pby

the remainder becomes zero or never becomes zero and we get a repeating string of
remainders. Let us look at each case separately.

Case (i) : The remainder becomes zero

7
In the example of 3 we found that the remainder becomes zero after some steps and

7 1
the decimal expansion of e 0.875. Other examples are 5= 0.5, 250 2.556.Inall

these cases, the decimal expansion terminates or ends after a finite number of steps.
We call the decimal expansion of such numbers terminating.

Case (ii) : The remainder never becomes zero

In the examples of 3 and 7 we notice that the remainders repeat after a certain

stage forcing the decimal expansion to go on for ever. In other words, we have a
repeating block of digits in the quotient. We say that this expansion is non-terminating

10 1
recurring. For example, £ =3.3333...and 7 =0.142857142857142857...

10 -
The usual way of showing that 3 repeats in the quotient of 3 is to write it as 3.3.

1 1
Similarly, since the block of digits 142857 repeats in the quotient of 7. we write 7 as

0.142857 » where the bar above the digits indicates the block of digits that repeats.
Als03.57272.... can be written as 3.572 . So, all these examples give us non-terminating
recurring (repeating) decimal expansions.

Thus, we see that the decimal expansion of rational numbers have only two choices:
either they are terminating or non-terminating recurring.

Now suppose, on the other hand, on your walk on the number line, you come across a
number like 3.142678 whose decimal expansion is terminating or a number like
1.272727... that is, 1.27 , whose decimal expansion is non-terminating recurring, can
you conclude that it is a rational number? The answer is yes!
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We will not prove it but illustrate this fact with a few examples. The terminating cases
are easy.

Example 6 : Show that 3.142678 is a rational number. In other words, express 3.142678

in the form g, where p and ¢ are integers and ¢ # 0.

Soluti We h 3.142678 3142678 and hence is a rational number
olution : We have 3. = —"> .
1000000

Now, let us consider the case when the decimal expansion is non-terminating recurring.

Example 7 : Show that 0.3333... = 03 can be expressed in the form g, where p and

q are integers and ¢ # 0.

Solution : Since we do not know what 03 is , let us call it ‘x’ and so
x = 0.3333...
Now here is where the trick comes in. Look at
10x= 10 % (0.333...) =3.333...
Now, 3.3333...= 3 +x, since x = 0.3333...
Therefore, 10x=3+x

Solving for x, we get

) 1
9x = 3,1.e.,x= 3

Example 8 : Show that 1.272727... = 1.27 canbe expressed in the form g, where p

and ¢ are integers and g # 0.

Solution : Let x=1.272727... Since two digits are repeating, we multiply x by 100 to
get

100 x = 127.2727...
So, 100 x = 126 +1.272727...= 126 +x
Therefore, 100 x —x = 126, i.e., 99x=126
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126 14

1.€., X = E_ﬁ

14

You can check the reverse that ﬁ =127.

Example 9 : Show that 0.2353535... = 0.235 can be expressed in the form g,

where p and ¢ are integers and g # 0.
Solution : Let x = 0.235. Over here, note that 2 does not repeat, but the block 35
repeats. Since two digits are repeating, we multiply x by 100 to get

100 x = 23.53535...

So, 100 x = 23.3 +0.23535...=233 tx
Therefore, 99 x= 233

i 99 x= —— which gi —E
ie., x= T > which gives x = 990

233 -
You can also check the reverse that % = (0.235.

So, every number with a non-terminating recurring decimal expansion can be expressed

in the form £ (g #0), where p and ¢ are integers. Let us summarise our results in the
q

following form :

The decimal expansion of a rational number is either terminating or non-
terminating recurring. Moreover, a number whose decimal expansion is
terminating or non-terminating recurring is rational.

So, now we know what the decimal expansion of a rational number can be. What
about the decimal expansion of irrational numbers? Because of the property above,
we can conclude that their decimal expansions are non-terminating non-recurring.

So, the property for irrational numbers, similar to the property stated above for rational
numbers, 18

The decimal expansion of an irrational number is non-terminating non-recurring.
Moreover, a number whose decimal expansion is non-terminating non-recurring
is irrational.
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Recall s = 0.10110111011110... from the previous section. Notice that it is non-
terminating and non-recurring. Therefore, from the property above, it is irrational.
Moreover, notice that you can generate infinitely many irrationals similar to s.

What about the famous irrationals ./ and n? Here are their decimal expansions up
to a certain stage.

J2 =1.4142135623730950488016887242096...
n =3.14159265358979323846264338327950...

22
(Note that, we often take - as an approximate value for w, but  # - 2

Over the years, mathematicians have developed various techniques to produce more
and more digits in the decimal expansions of irrational numbers. For example, you

might have learnt to find digits in the decimal expansion of /2 by the division method.
Interestingly, in the Sulbasutras (rules of chord), a mathematical treatise of the Vedic
period (800 BC - 500 BC), you find an approximation of /7 as follows:

V2 = 1+%+[Zx§j—[§xzx%)=l.4l42156

Notice that it is the same as the one given above for the first five decimal places. The
history of the hunt for digits in the decimal expansion of & is very interesting.

The Greek genius Archimedes was the first to compute
digits in the decimal expansion of . He showed 3.140845
<7 <3.142857. Aryabhatta (476 — 550 C.E.), the great
Indian mathematician and astronomer, found the value
of m correct to four decimal places (3.1416). Using high
speed computers and advanced algorithms, 7 has been
computed to over 1.24 trillion decimal places!

Archimedes (287 BCE - 212 BCE)
Fig. 1.10

Now, let us see how to obtain irrational numbers.

2

Example 10 : Find an irrational number between 7 and 7

1 S ) -
Solution : We saw that 7 = 0.142857 . So, you can easily calculate 2 =0.285714.

1
To find an irrational number between 7 and 7 , we find a number which is
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non-terminating non-recurring lying between them. Of course, you can find infinitely
many such numbers.

An example of such a number is 0.150150015000150000...

EXERCISE 1.3
1. Write the following in decimal form and say what kind of decimal expansion each
has :
. 36 L1 .
0 Tos @) 77 (i) 45
o3 2 329
) T3 ™ o ™) o0

1 2 3
2. Youknow that i 0.142857 . Can you predict what the decimal expansions of 707

4 5 6

7.7 7 are, without actually doing the long division? If so, how?

1
[Hint : Study the remainders while finding the value of 7 carefully.]

3. Express the following in the form % , where p and ¢ are integers and g # 0.

i 06 (i) 0.47 (i) 0.001

4. Express 0.99999 .... in the form £ . Are you surprised by your answer? With your
q

teacher and classmates discuss why the answer makes sense.

5.  What can the maximum number of digits be in the repeating block of digits in the

1
decimal expansion of 7 ? Perform the division to check your answer.

6. Look at several examples of rational numbers in the form P (¢ #0), where p and g are
q

integers with no common factors other than 1 and having terminating decimal
representations (expansions). Can you guess what property ¢ must satisfy?

7.  Write three numbers whose decimal expansions are non-terminating non-recurring.

9
8. Find three different irrational numbers between the rational numbers 7 and H .

9. Classify the following numbers as rational or irrational :

0 V23 (i) /225 (i) 0.3796
(iv) 7.478478.. (v) 1.101001000100001..
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1.4 Operations on Real Numbers

You have learnt, in earlier classes, that rational numbers satisfy the commutative,
associative and distributive laws for addition and multiplication. Moreover, if we add,
subtract, multiply or divide (except by zero) two rational numbers, we still get a rational
number (that is, rational numbers are ‘closed’ with respect to addition, subtraction,
multiplication and division). It turns out that irrational numbers also satisfy the
commutative, associative and distributive laws for addition and multiplication. However,
the sum, difference, quotients and products of irrational numbers are not always

irrational. For example, (\/8) + (_\@) ,(\/5) —(\/5) (\/3)(\/3) and % are

rationals.

Let us look at what happens when we add and multiply a rational number with an

irrational number. For example, \/5 is irrational. What about 2 + \B and 2\/5 ? Since
J3 hasa non-terminating non-recurring decimal expansion, the same is true for

2 ++/3 and 23 Therefore, both 2 + /3 and 243 are also irrational numbers.

Example 11 : Check whether 7./5, l J2 +21, 1 - 2 are irrational numbers or
NG

not.

Solution : /5 =2.236..., \/2 =1.4142..., n=3.1415...

NN

Then 7\/5 =15.652..., ﬁ = m :T =3.1304...

V2 +21=224142.., -2 = 1.1415...
All these are non-terminating non-recurring decimals. So, all these are irrational numbers.

Now, let us see what generally happens if we add, subtract, multiply, divide, take
square roots and even nth roots of these irrational numbers, where 7 is any natural
number. Let us look at some examples.

Example 12 : Add 242 + 543 and V2 — 3.3 .
Solution : (2\/5 +5\/§) +(\/§ —3\/5) = (2\/5 +\/§) + (SI - 3\/3)
—2+DV2+(5-3)V3=3V2+23
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Example 13 : Multiply /5 by 24/5 .
Solution : 64/5 x 24/5 =6 x2x J5 x /5 =12 x5=60

Example 14 : Divide 815 by 24/3 .

Solution : 815 + 24/3 = M =45
243
These examples may lead you to expect the following facts, which are true:

(i) The sum or difference of a rational number and an irrational number is irrational.

(i) The product or quotient of a non-zero rational number with an irrational number is
irrational.

(ii)) If we add, subtract, multiply or divide two irrationals, the result may be rational or
irrational.

We now turn our attention to the operation of taking square roots of real numbers.

Recall that, if @ is a natural number, then /¢ = b means b*>=a and b > 0. The same
definition can be extended for positive real numbers.

Let @ > 0 be a real number. Then \/; = b means b*> = a and b > 0.
In Section 1.2, we saw how to represent /;; for any positive integer # on the number
line. We now show how to find \/x for any given positive real number x geometrically.

For example, let us find it for x = 3.5, i.e., we find /3.5 geometrically.

Fig. 1.11

Mark the distance 3.5 units from a fixed point A on a given line to obtain a point B such
that AB = 3.5 units (see Fig. 1.11). From B, mark a distance of 1 unit and mark the
new point as C. Find the mid-point of AC and mark that point as O. Draw a semicircle
with centre O and radius OC. Draw a line perpendicular to AC passing through B and

intersecting the semicircle at D. Then, BD = +/3.5.
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More generally, to find Jx , for any positive real
number x, we mark B so that AB = x units, and, as in
Fig. 1.12, mark C so that BC = 1 unit. Then, as we

have done for the case x = 3.5, we find BD = Jx

(see Fig. 1.12). We can prove this result using the A x B 1 C

Pythagoras Theorem. Fig. 1.12

Notice that, in Fig. 1.12, A OBD is aright-angled triangle. Also, the radius of the circle
x+1

is units.
x+1
Therefore, OC = OD = OA = units.
x+1 x -1
- x— = .
Now, OB ) >

So, by the Pythagoras Theorem, we have

x+12 x—l2 dx
BD? = OD? - OB? = ) - =—=X,

This shows that BD = ./ .

This construction gives us a visual, and geometric way of showing that /x exists for

all real numbers x > 0. If you want to know the position of /x on the number line,

then let us treat the line BC as the number line, with B as zero, C as 1, and so on.
Draw an arc with centre B and radius BD, which intersects the number line in E

(see Fig. 1.13). Then, E represents Jx.
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We would like to now extend the idea of square roots to cube roots, fourth roots,
and in general nth roots, where 7 is a positive integer. Recall your understanding of
square roots and cube roots from earlier classes.

What is 3/ ? Well, we know it has to be some positive number whose cube is 8, and

you must have guessed 3/8 =2. Letus try §/243 . Do you know some number b such
that b° = 243? The answer is 3. Therefore, 3/243 = 3.

From these examples, can you define %/, for a real number @ > 0 and a positive
integer n?

Let a > 0 be a real number and 7 be a positive integer. Then #/; = b, if " = a and

b> 0. Note that the symbol */~ * used in /2, 3/8, 4/a , etc. is called the radical sign.

We now list some identities relating to square roots, which are useful in various
ways. You are already familiar with some of these from your earlier classes. The
remaining ones follow from the distributive law of multiplication over addition of real
numbers, and from the identity (x + y) (x — y) = x*> — )2, for any real numbers x and y.

Let a and b be positive real numbers. Then
() ab =~ab (ii)\/%=%

iy (Va+b)(Na=b)=a=b v (a+b)(a-b)=a b
) (Va +b) (Ve +d)=ac + ad +Jbc +bd

(vi) (\/E+\/3)2=a+2\/E+b

Let us look at some particular cases of these identities.

Example 15 : Simplify the following expressions:

M (5+7)(2+5) (i) (5+5)(5-5)
(iif) (\@ﬂﬁ)z (iv) (VT =7 ) (V1T +7)
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Solution : (i) (5++7)(2+5)=10+5V5 + 247 +35

(ii) (5+\B)(5—\B)=52—(\B)2=25—5=20

(i) (\/§+\/7)2=(\/§)2+2\/§\/7+(\/7)2=3+2\/i+7=10+2\/i
(iv) (m-ﬁ)(m+ﬁ)=(m)2-(ﬁ)2=11_7=4

Remark : Note that ‘simplify’ in the example above has been used to mean that the
expression should be written as the sum of a rational and an irrational number.

1
We end this section by considering the following problem. Look at ﬁ Can you tell

where it shows up on the number line? You know that it is irrational. May be it is easier
to handle if the denominator is a rational number. Let us see, if we can ‘rationalise’ the
denominator, that is, to make the denominator into a rational number. To do so, we
need the identities involving square roots. Let us see how.

1
Example 16 : Rationalise the denominator of E

1
Solution : We want to write —7= as an equivalent expression in which the denominator
77 e b

is a rational number. We know that /7 . /7 isrational. We also know that multiplying

V2 2
E by E will give us an equivalent expression, since E = 1. So, we put these two

facts together to get

1 1

1 _1 V2 2
NN

2

V2
NG

1
In this form, it is easy to locate —7= on the number line. It is half way between 0
y NG y

and \/5
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1
Example 17 : Rationalise the denominator of 2+

1
Solution : We use the Identity (iv) given earlier. Multiply and divide 2+ 3 by

1 2-3 2-3
~Boeet T E T R a0 B

5
Example 18 : Rationalise the denominator of N \/g

Solution : Here we use the Identity (iii) given earlier.

5 5 345 5(V3+45) (s
S -5 55 aes | 3-3 =[?)(ﬁ+ﬁ)

1
Example 19 : Rationalise the denominator of ————=-
P 7+32

Solution :

1
= X = =
T+3J2 7+3V2 (7-3V2) 49-18 31

So, when the denominator of an expression contains a term with a square root (or
anumber under a radical sign), the process of converting it to an equivalent expression
whose denominator is a rational number is called rationalising the denominator.

1 (7—3&]_7—3&_7—3&

EXERCISE 14

1. Classify the following numbers as rational or irrational:

0 2-+5 ) (3++23) =23 i) ?

1
) /5 (v) 2n
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2. Simplify each of the following expressions:

0 (3+3)(2+2) i (3++3)(3-+3)
i) (V5 +ﬁ)2 (i) (V5 —2) (V5 +2)

3. Recall, nis defined as the ratio of the circumference (say c) of a circle to its diameter

C
(say d). Thatis, t= E This seems to contradict the fact that &t is irrational. How will

you resolve this contradiction?
4. Represent v9.3 on the number line.

5. Rationalise the denominators of the following:
. 1 . 1
O 7 @ /7 J6
L <A
@ /5 /2 V) /7 _»

1.5 Laws of Exponents for Real Numbers

Do you remember how to simplify the following?

i 177.17°= (i) (5% =
2310
(iii) 3 (iv) 7.9 =
Did you get these answers? They are as follows:
@ 17*. 177 =17 (i) (5% =5"
(iii) 223;; =23 (iv) 7. 9*=63°

To get these answers, you would have used the following laws of exponents,
which you have learnt in your earlier classes. (Here a, n and m are natural numbers.
Remember, a is called the base and m and » are the exponents.)

(1) am . an — am +n (11) (am)n — amn

(i) <-=a"" m>n (iv) a"b" = (ab)"
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What is (@)"? Yes, it is 1! So you have learnt that (¢)’ = 1. So, using (iii), we can

get a™. We can now extend the laws to negative exponents too.

a’ B
So, for example :

1

G 17°-17°=17" =1 (i) (5%)7 =5

237" 17
i) S5 =% (v) (1) -(9) =(63)"
Suppose we want to do the following computations:

2 1 Y
(@ 23.2° (i) [35j

1

75 L
(i) — (iv) 135 -17°

73

How would we go about it? It turns out that we can extend the laws of exponents
that we have studied earlier, even when the base is a positive real number and the
exponents are rational numbers. (Later you will study that it can further to be extended
when the exponents are real numbers.) But before we state these laws, and3 to even
make sense of these laws, we need to first understand what, for example 42 is. So,
we have some work to do!

We define %/, for a real number a > 0 as follows:

Let a > 0 be a real number and 7 a positive integer. Then %/4 = b, if b = a and
b>0.

1 1
In the language of exponents, we define 2/ = a". So, in particular, 3/2 = 23 .

3
There are now two ways to look at 42.
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Therefore, we have the following definition:

Let a > 0 be a real number. Let m and n be integers such that m and » have no
common factors other than 1, and n > 0. Then,

P ( \/g)m _ i
We now have the following extended laws of exponents:

Let a > 0 be a real number and p and ¢ be rational numbers. Then, we have

(i) & .at=a" (i) (a*)t = a™
a’ _
(i) — =a""* (iv) arb® = (aby
a
You can now use these laws to answer the questions asked earlier.
2 1 I
Example 20 : Simplify (i) 23 .23 (i) [35J
1
s o
(i) — @v) 135 -17°
Solution : 7
R I Nt s
() 23-22=2V V=2=2'= (i) [35] =39
1
75 [l-lj 35 2 oo 1 1
(i) —=77 V=71 =78 (iv) 13° -17° = (13 x17)% =221°
75
EXERCISE 1.5
1 1 1
1. Find: (i) 642 (i) 32° (iii) 125°
3 2 3 -1
2. Find: i 92 (i) 32° (iii) 164 (iv) 1253
1
N\ NI AR} 11 N .
3. Simplify: () 2°-2° (ii) (?] (i) — (iv) 72.82
11
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1.6 Summary
In this chapter, you have studied the following points:

1. Anumber ris called a rational number, if it can be written in the form % , where p and g are

integers and g # 0.

2. Anumber s is called a irrational number, if it cannot be written in the form % , where p and

q are integers and g # 0.

3. The decimal expansion of a rational number is either terminating or non-terminating recurring.
Moreover, a number whose decimal expansion is terminating or non-terminating recurring
is rational.

4. The decimal expansion of an irrational number is non-terminating non-recurring. Moreover,
anumber whose decimal expansion is non-terminating non-recurring is irrational.

5. All the rational and irrational numbers make up the collection of real numbers.

p
6. Ifrisrational and s is irrational, then » +s and » — s are irrational numbers, and s and — are
s

irrational numbers, » # 0.

7. For positive real numbers a and b, the following identities hold:

| (N
() ab =avb @ 3 =7

i) (Va+b)(Va-b)=a-b ) (a+b)(a=b)=a'-b
) (\/;+\/3)2:a+2\/£+b

Ja - b

Ja-b

, where a and b are

1
8. Torationalise the denominator of > we multiply this by
Ja +b

integers.
9. Leta > 0 be areal number and p and ¢ be rational numbers. Then

() @ .a'=a"1 (i) (a?)?=ar

al’
(i) —2 = a’! (iv) @b’ = (aby
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CHAPTER 2

POLYNOMIALS
I

2.1 Introduction

You have studied algebraic expressions, their addition, subtraction, multiplication and
division in earlier classes. You also have studied how to factorise some algebraic
expressions. You may recall the algebraic identities :

(c+ )=+ 2xy + )7

(x =y =x" = 2xy + 7
and X-y=aty)(x-y)
and their use in factorisation. In this chapter, we shall start our study with a particular
type of algebraic expression, called polynomial, and the terminology related to it. We
shall also study the Remainder Theorem and Factor Theorem and their use in the

factorisation of polynomials. In addition to the above, we shall study some more algebraic
identities and their use in factorisation and in evaluating some given expressions.

2.2 Polynomials in One Variable

Let us begin by recalling that a variable is denoted by a symbol that can take any real

. . 1
value. We use the letters x, y, z, etc. to denote variables. Notice that 2x, 3x, — x, —Ex

are algebraic expressions. All these expressions are of the form (a constant) X x. Now
suppose we want to write an expression which is (a constant) x (a variable) and we do
not know what the constant is. In such cases, we write the constant as a, b, ¢, etc. So
the expression will be ax, say.

However, there is a difference between a letter denoting a constant and a letter
denoting a variable. The values of the constants remain the same throughout a particular
situation, that is, the values of the constants do not change in a given problem, but the
value of a variable can keep changing.

Reprint 2025-26



26 M ATHEMATICS

Now, consider a square of side 3 units (see Fig. 2.1). 3
What is its perimeter? You know that the perimeter of a square
is the sum of the lengths of its four sides. Here, each side is

3 units. So, its perimeter is 4 x 3, i.e., 12 units. What will be the ! !
perimeter if each side of the square is 10 units? The perimeter

is 4 x 10, i.e., 40 units. In case the length of each side is x 3

units (see Fig. 2.2), the perimeter is given by 4x units. So, as Fig. 2.1

the length of the side varies, the perimeter varies.

Can you find the area of the square PQRS? It is
x % x =x*square units. x” is an algebraic expression. Youare S * R
also familiar with other algebraic expressions like
2x, x* + 2x,x* — x> + 4x + 7. Note that, all the algebraic
expressions we have considered so far have only whole
numbers as the exponents of the variable. Expressions of this
form are called polynomials in one variable. In the examples P . Q
above, the variable is x. For instance, x> —x> + 4x + 7 is a
polynomial in x. Similarly, 3y* + 5y is a polynomial in the
variable y and # + 4 is a polynomial in the variable z.

Fig. 2.2

In the polynomial x* + 2x, the expressions x> and 2x are called the terms of the
polynomial. Similarly, the polynomial 3y*+ S5y + 7 has three terms, namely, 3)?, Sy and
7. Can you write the terms of the polynomial —x* + 4x* + 7x — 2 ? This polynomial has
4 terms, namely, —x°, 4x%, 7x and —2.

Each term of a polynomial has a coefficient. So, in —x* + 4x*> + 7x — 2, the
coefficient of x*is —1, the coefficient of x? is 4, the coefficient of x is 7 and -2 is the
coefficient of x° (Remember, x° = 1). Do you know the coefficient of x in x> — x + 7?
Itis—1.

2 is also a polynomial. In fact, 2, -5, 7, etc. are examples of constant polynomials.
The constant polynomial O is called the zero polynomial. This plays a very important
role in the collection of all polynomials, as you will see in the higher classes.

1 >
Now, consider algebraic expressions such asx + —> Jx +3and 3 Yy + ¥ . Doyou
X

1
know that you can write x + — = x + x'? Here, the exponent of the second term, i.e.,
X

x'is—1, which is not a whole number. So, this algebraic expression is not a polynomial.

1 1
Again, \/x + 3 can be written as x> + 3 . Here the exponent of x is b which is

not a whole number. So, is +/x + 3 a polynomial? No, it is not. What about
{/; +»*? It is also not a polynomial (Why?).
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If the variable in a polynomial is x, we may denote the polynomial by p(x), or g(x),
or 7(x), etc. So, for example, we may write :

px)=2x>+5x -3
gix) =x* -1

)=y ty+1

s(u) =2 —u—u*+ 61’

A polynomial can have any (finite) number of terms. For instance, x'*° + x'4¥ + ...
+x*+x + 1 is a polynomial with 151 terms.

Consider the polynomials 2x, 2, 5x°, —=5x%, y and u*. Do you see that each of these
polynomials has only one term? Polynomials having only one term are called monomials
(‘mono’ means ‘one’).

Now observe each of the following polynomials:
PR =x+1, g =x-x, W)=Y+ W)= -

How many terms are there in each of these? Each of these polynomials has only
two terms. Polynomials having only two terms are called binomials (‘bi’ means ‘two”).

Similarly, polynomials having only three terms are called trinomials
(‘tri” means ‘three’). Some examples of trinomials are

px)=x+x*+m, gx) =2 +x-x,

r(u)= u+u*-2, ty)=y"+y+5.

Now, look at the polynomial p(x) = 3x7 — 4x® + x + 9. What is the term with the
highest power of x ? It is 3x”. The exponent of x in this term is 7. Similarly, in the
polynomial g(y) = 5y° — 4)* — 6, the term with the highest power of y is 5)° and the
exponent of y in this term is 6. We call the highest power of the variable in a polynomial
as the degree of the polynomial. So, the degree of the polynomial 3x” — 4x° +x + 9

is 7 and the degree of the polynomial 5)° — 4)? — 6 is 6. The degree of a non-zero
constant polynomial is zero.

Example 1 : Find the degree of each of the polynomials given below:

(1) ¥ —-x*+3 (i) 2 -y -y + 28 (iii) 2
Solution : (i) The highest power of the variable is 5. So, the degree of the polynomial
is 5.
(i) The highest power of the variable is 8. So, the degree of the polynomial is 8.

(i) The only term here is 2 which can be written as 2x°. So the exponent of x is 0.
Therefore, the degree of the polynomial is 0.
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Now observe the polynomials p(x) = 4x + 5, g(y) = 2y, r(t) = t + /2 and
s(u) =3 —u. Do you see anything common among all of them? The degree of each of
these polynomials is one. A polynomial of degree one is called a linear polynomial.
Some more linear polynomials in one variable are 2x— 1, 2 y+1,2—u.Now, try and
find a linear polynomial in x with 3 terms? You would not be able to find it because a
linear polynomial in x can have at most two terms. So, any linear polynomial in x will
be of the form ax + b, where a and b are constants and a # 0 (why?). Similarly,
ay + b is a linear polynomial in y.

Now consider the polynomials :
2
2x*+ 5, 5x*+ 3x +mw, x*and x> + 5

Do you agree that they are all of degree two? A polynomial of degree two is called
a quadratic polynomial. Some examples of a quadratic polynomial are 5 — )2,
4y + 5y? and 6 —y — 2. Can you write a quadratic polynomial in one variable with four
different terms? You will find that a quadratic polynomial in one variable will have at
most 3 terms. If you list a few more quadratic polynomials, you will find that any
quadratic polynomial in x is of the form ax? + bx + ¢, where a # 0 and a, b, ¢ are
constants. Similarly, quadratic polynomial in y will be of the form a)* + by + ¢, provided
a # 0 and a, b, ¢ are constants.

We call a polynomial of degree three a cubic polynomial. Some examples of a
cubic polynomial in x are 4x3, 2x* + 1, 5x3 + x2, 6x° —x, 6 — x3, 2x* + 4x* + 6x + 7. How
many terms do you think a cubic polynomial in one variable can have? It can have at
most 4 terms. These may be written in the form ax® + bx?> + cx + d, where a # 0 and
a, b, ¢ and d are constants.

Now, that you have seen what a polynomial of degree 1, degree 2, or degree 3
looks like, can you write down a polynomial in one variable of degree n for any natural
number n? A polynomial in one variable x of degree # is an expression of the form

ax'+ta x"'+...tax+ta
n n—1 1 0
where a, a,, a,, . . ., a are constants and a_ # 0.
In particular, ifa, = a, =a,=a,=...=a_ =0 (all the constants are zero), we get

the zero polynomial, which is denoted by 0. What is the degree of the zero polynomial?
The degree of the zero polynomial is not defined.

So far we have dealt with polynomials in one variable only. We can also have
polynomials in more than one variable. For example, x* + ) + xyz (where variables
are x, y and z) is a polynomial in three variables. Similarly p? + ¢'° + r (where the
variables are p, ¢ and r), u’ +v? (where the variables are u and v) are polynomials in
three and two variables, respectively. You will be studying such polynomials in detail
later.
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EXERCISE 2.1

1. Which of the following expressions are polynomials in one variable and which are
not? State reasons for your answer.

2
(M) 4x*-3x+7 (i) * + 2 (i) 37 + 2 (iv) y+ 5
(V) xlO +y3 + tSO
2. Write the coefficients of x? in each of the following:
s
() 2+x2+x (ii) 2 — x>+ x° (iii) Exz +x (iv) V2x -1

Give one example each of a binomial of degree 35, and of a monomial of degree 100.

Write the degree of each of the following polynomials:

(1) Sx*+4x*+7x (i) 4—»?
(iii) 5¢— \[7 (@iv) 3
5. Classify the following as linear, quadratic and cubic polynomials:
i x*+x (i) x —x* (i) y+)*+4 (iv) 1+x
(v) 3t (vi) (vii) 7x°

2.3 Zeroes of a Polynomial

Consider the polynomial ~ p(x) = 5x* — 2x* + 3x — 2.

If we replace x by 1 everywhere in p(x), we get
p(1)=5x(1y-2x(1)*+3x(1)-2

=5-2+3-2
=4
So, we say that the value of p(x) atx =1 is 4.
Similarly, p(0) =5(0)° —2(0)* + 3(0) -2

=-2
Can you find p(-1)?
Example 2 : Find the value of each of the following polynomials at the indicated value
of variables:
(i) px)=5x*-3x+T7atx=1.
(i) g()=3y" —4y+ /11 aty=2.
(i) p(H)=4+5f -~ +6att=a.

Reprint 2025-26



30 M ATHEMATICS

Solution : (i) p(x) = 5x* = 3x + 7
The value of the polynomial p(x) at x =1 is given by
p(1)=51)"=3(1)+7
=5-3+7=9
(i) ¢() =3y° —4y + J11
The value of the polynomial g(y) at y = 2 is given by

g(2) =321 -4Q)+ 11 =24-8+ /11 =16+ /11
(iii) p(t)=4t*+5F -+ 6
The value of the polynomial p(?) at ¢t = a is given by

pla)=4a*+ 54— a>+ 6

Now, consider the polynomial p(x) =x— 1.
What is p(1)? Note that : p(1)=1-1=0.
As p(1) = 0, we say that 1 is a zero of the polynomial p(x).
Similarly, you can check that 2 is a zero of g(x), where g(x) = x — 2.
In general, we say that a zero of a polynomial p(x) is a number ¢ such that p(c) = 0.

You must have observed that the zero of the polynomial x — 1 is obtained by
equating it to 0, i.e., x — 1 = 0, which gives x = 1. We say p(x) = 0 is a polynomial
equation and 1 is the roof of the polynomial equation p(x) = 0. So we say 1 is the zero
of the polynomial x — 1, or a root of the polynomial equation x— 1 =0.

Now, consider the constant polynomial 5. Can you tell what its zero is? It has no
zero because replacing x by any number in 5x° still gives us 5. In fact, a non-zero
constant polynomial has no zero. What about the zeroes of the zero polynomial? By
convention, every real number is a zero of the zero polynomial.

Example 3 : Check whether —2 and 2 are zeroes of the polynomial x + 2.
Solution : Let p(x) =x + 2.

Then p(2)=2+2=4, p(-2)=-2+2=0

Therefore, -2 is a zero of the polynomial x + 2, but 2 is not.

Example 4 : Find a zero of the polynomial p(x) = 2x + 1.

Solution : Finding a zero of p(x), is the same as solving the equation
p(x)=0
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1

Now, 2x+1=0givesusx=—5

1
So, — 5 is a zero of the polynomial 2x + 1.

Now, if p(x) = ax + b, a # 0, is a linear polynomial, how can we find a zero of
p(x)? Example 4 may have given you some idea. Finding a zero of the polynomial p(x),
amounts to solving the polynomial equation p(x) = 0.

Now, p(x) = 0 means ax+b=0,a#0
So, ax =-b
. b
ie., xX=-—":
a
So, x = —— is the only zero of p(x), i.e., a linear polynomial has one and only one zero.
a

Now we can say that 1 is the zero of x — 1, and -2 is the zero of x + 2.

Example 5 : Verify whether 2 and 0 are zeroes of the polynomial x> — 2x.

Solution : Let plx) =x>—2x
Then P2)=2—4=4-4=0
and p(0)=0-0=0

Hence, 2 and 0 are both zeroes of the polynomial x* — 2x.
Let us now list our observations:
(i) A zero of a polynomial need not be 0.
(i) 0 may be a zero of a polynomial.
(iii) Every linear polynomial has one and only one zero.

(iv) A polynomial can have more than one zero.

EXERCISE 2.2
1. Find the value of the polynomial 5x —4x*+ 3 at
»H x=0 (i) x=-1 (i) x=2
2. Find p(0), p(1) and p(2) for each of the following polynomials:
O py)=y*-y+l1 (i) p()=2+1+20-1
(iii) p(x)=x’ (V) p)=(x—1)(x+1)
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3. Verify whether the following are zeroes of the polynomial, indicated against them.

1 4
@ px)=3x+1, x:—g (i) p(x)=5x—m, x=7
(i) p() =2~ 1, x=1,-1 (iv) p() =+ 1) (r—2), x=-1,2
(V) px)=2, x=0 (Vi) p(x) =k +m, x= —?
(vil) p(x)=3x*—1, x= NG (viii) p(x)= s X=
4. Find the zero of the polynomial in each of the following cases:
M) p)=x+5 (i) p(x)=x—5 (iii) p(x)=2x+5
(iv) p(x)=3x-2 (v) p(x)=3x (vi) p(x)=ax,a+0

(vil) p(x) =cx +d, c #0, ¢, d are real numbers.

2.4 Factorisation of Polynomials

Let us now look at the situation of Example 10 above more closely. It tells us that since

1
the remainder, C][—Ej =0, (2¢ + 1) is a factor of ¢(?), i.e., g(¥) = 2t + 1) g(?)

for some polynomial g(#). This is a particular case of the following theorem.

Factor Theorem : If p(x) is a polynomial of degree » > 1 and a is any real number,

then (i) x—ais a factor of p(x), if p(a) =0, and (ii) p(a) = 0, if x — a is a factor of p(x).

Proof: By the Remainder Theorem, p(x)=(x — a) g(x) + p(a).
(1) If p(a) =0, then p(x) = (x — a) q(x), which shows that x — a is a factor of p(x).
(i) Since x — a is a factor of p(x), p(x) = (x — a) g(x) for same polynomial g(x).

In this case, p(a) = (a — a) g(a) = 0.
Example 6 : Examine whether x + 2 is a factor of x* + 3x? + 5x + 6 and of 2x + 4.
Solution : The zero of x + 2 is —2. Let p(x) = x> + 3x*+ 5x + 6 and s(x) = 2x + 4
Then, p(=2)= (2’ +3(-2)* +5(-2) + 6
=-8+12-10+6
=0
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So, by the Factor Theorem, x + 2 is a factor of x* + 3x* + 5x + 6.

Again, s(-2)=2(-2)+4=0

So, x + 2 is a factor of 2x + 4. In fact, you can check this without applying the Factor
Theorem, since 2x + 4 = 2(x + 2).

Example 7 : Find the value of &, if x — 1 is a factor of 4x°* + 3x* — 4x + k.

Solution : As x — 1 is a factor of p(x) =4x* + 3x* —4x + k, p(1) =0

Now, p(1) = 4(1) + 3(1)* - 4(1) + k
So, 4+3-4+k=0
1e., k=-3

We will now use the Factor Theorem to factorise some polynomials of degree 2 and 3.
You are already familiar with the factorisation of a quadratic polynomial like
x2 + Ix + m. You had factorised it by splitting the middle term Ix as ax + bx so that
ab=m. Then x> + Ix + m = (x + a) (x + b). We shall now try to factorise quadratic
polynomials of the type ax? + bx + ¢, where a@ # 0 and a, b, ¢ are constants.
Factorisation of the polynomial ax* + bx + ¢ by splitting the middle term is as
follows: 3x’

Let its factors be (px + ¢g) and (rx + s). Then )
ax*+bxtc=(px+q)(rx+s)=prx>+ (ps+qr)x+gqs

Comparing the coefficients of x2, we get a = pr.

= 3x = first term of quotient

Similarly, comparing the coefficients of x, we get b = ps + gr.
And, on comparing the constant terms, we get ¢ = gs.

This shows us that b is the sum of two numbers ps and gr, whose product is
(ps)(gr) = (pr)(gs) = ac.

Therefore, to factorise ax? + bx + ¢, we have to write b as the sum of two
numbers whose product is ac. This will be clear from Example 13.

Example 8 : Factorise 6x* + 17x + 5 by splitting the middle term, and by using the
Factor Theorem.

Solution 1 : (By splitting method) : If we can find two numbers p and ¢ such that
ptq=17 and pqg=6 x5=30,then we can get the factors.

So, let us look for the pairs of factors of 30. Some are 1 and 30, 2 and 15, 3 and 10, 5
and 6. Of these pairs, 2 and 15 will giveus p + g =17.
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So,6x* +17x+5 = 6x*+(2+ 15)x+5
=6x*+2x+15x+5
=2x(Bx+ 1)+ 53Bx+1)
=0Bx+1)(2x+5)

Solution 2 : (Using the Factor Theorem)

17 5
6x*+17x+5= 6[352 + €x + EJ =6 p(x), say. If a and b are the zeroes of p(x), then

5
6x*+ 17x+5=6(x—a) (x—b). So,ab= < Let us look at some possibilities for a and

,iiiiil.Now, p l =l+£ l +§ # 0. But
3 2 2 2 6

b. They could be *
4 6

,

-1 1
p[?J = 0. So, [x + EJ is a factor of p(x). Similarly, by trial, you can find that

5
[x + Ej is a factor of p(x).

Therefore, 6x>+17x +5

(ies
(2229

=0Bx+1)(2x+5)

For the example above, the use of the splitting method appears more efficient. However,
let us consider another example.

Example 9 : Factorise y* — Sy + 6 by using the Factor Theorem.

Solution : Let p(y) = y*— 5y + 6. Now, if p(y) = (v — @) (v — b), you know that the
constant term will be ab. So, ab = 6. So, to look for the factors of p(y’), we look at the
factors of 6.

The factors of 6 are 1, 2 and 3.
Now, p(2)=22-(5%x2)+6=0
So, y—2is a factor of p(y).
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Also, p(3)=3*-(5%x3)+6=0

So, y-—3is also a factor of > — 5y + 6.

Therefore, y*—5y+6=(y—-2)(y-3)

Note that y*> — 5y + 6 can also be factorised by splitting the middle term —5y.

Now, let us consider factorising cubic polynomials. Here, the splitting method will not

be appropriate to start with. We need to find at least one factor first, as you will see in

the following example.

Example 10 : Factorise x* — 23x* + 142x — 120.

Solution : Let p(x) = x* —23x% + 142x — 120

We shall now look for all the factors of —120. Some of these are =1, £2, £3,

+4,+5,+£6,+8,£10,£12,+15,+£20, £24, £30, +60.

By trial, we find that p(1) = 0. So x — 1 is a factor of p(x).

Now we see that x* — 23x? + 142x — 120 = x* — x> — 22x? + 22x + 120x — 120
=x(x—1)—22x(x — 1) + 120(x — 1) (Why?)
=(x—1) (x®>—22x +120) [Taking (x — 1) common]

We could have also got this by dividing p(x) by x — 1.

Now x? — 22x + 120 can be factorised either by splitting the middle term or by using
the Factor theorem. By splitting the middle term, we have:

x2—=22x+ 120 = x*— 12x — 10x + 120
=x(x —12) = 10(x — 12)

(x—12) (x—10)

So, X3 =23x* - 142x - 120 = (x — 1)(x — 10)(x — 12)

EXERCISE 2.3
1. Determine which of the following polynomials has (x + 1) a factor :
() x¥*+x*+x+1 @) x*+x*+x*+x+1
(i) x*+3x°+3x?+x+1 (iv) xs_xz_(2+ﬁ)x+ﬁ

2. Use the Factor Theorem to determine whether g(x) is a factor of p(x) in each of the
following cases:

() px)=2x'+x>-2x—1,gx)=x+1
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() p(x)=x*+3x*+3x+1,g(x)=x+2
(i) p(x)=x*—4x*+x+6,g(x)=x-3

Find the value of &, if x — 1 is a factor of p(x) in each of the following cases:

i) px)=x*+x+k (i) p(x)=2x*+kx+ /2
(i) p(x) =k’ ~ J2x+1 (iv) p(x) =kx>-3x+k
Factorise :

() I12x*-7x+1 (i) 2x*+7x+3

(i) 6x*+5x—6 (iv) 3x*—x—4

Factorise :

(i) -2 -x+2 () x*—3x*-9x-5

(i) x*+13x2+32x+20 (iv) 2 +y*-2y—1

2.5 Algebraic Identities

From your earlier classes, you may recall that an algebraic identity is an algebraic
equation that is true for all values of the variables occurring in it. You have studied the
following algebraic identities in earlier classes:

Identity I : (x +y)*=x2+2xy +)?
Identity IT : (x —y)? =x2—2xy +)?
Identity III : x> —)*=(x+y) (x —y)
Identity IV : (xta)(x+b)=x*+(a+ b)x + ab

You must have also used some of these algebraic identities to factorise the algebraic

expressions. You can also see their utility in computations.

Example 11 : Find the following products using appropriate identities:

(1) (x +3) (x +3) (i) (x—3) (x+3)

Solution : (i) Here we can use Identity [ : (x + y)* = x>+ 2xy + »? Putting y =3 in it,

we get

(x+3) (x+3)= (x+37=x+2(x)(3) + (3)
=x*+6x+9

(ii) Using Identity IV above, i.e., (x + @) (x + b) = x> + (a + b)x + ab, we have

(x=3)(x+5)=x*+(3+5)x+(=3)5)
=x2+2x-15
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Example 12 : Evaluate 105 x 106 without multiplying directly.

Solution : 105 x 106 = (100 + 5) x (100 + 6)

(100)*+ (5 + 6) (100) + (5 x 6), using Identity IV
10000 + 1100 + 30

11130

You have seen some uses of the identities listed above in finding the product of some
given expressions. These identities are useful in factorisation of algebraic expressions
also, as you can see in the following examples.

Example 13 : Factorise:

2

(i) 494 + 70ab + 251 (ii) ?ﬁ -Z

Solution : (i) Here you can see that
49a* = (Ta)*, 25b* = (5b)?, 70ab = 2(7a) (5b)
Comparing the given expression with x> + 2xy +)?, we observe that x = 7a and y = 5b.
Using Identity [, we get
49a* + 70ab + 25b*> = (7Ta + 5b)* = (7a + 5b) (7Ta + 5b)

2 2 2
(i1) We have gx2 P A éx -2
4 9 2 3

Now comparing it with Identity I1I, we get

2 2 2
By _ (5. (¥
4 9 2 3
_ [E,HXJ [éx_zJ
2 3) 2 3

So far, all our identities involved products of binomials. Let us now extend the Identity
I to a trinomial x + y + z. We shall compute (x + y + z)? by using Identity I.

Let x + y =¢. Then,
(xtyt+zp=(+z)
=£P+2tz+ 7 (Using Identity I)
=(x+y)P+2x+yz+ 27 (Substituting the value of 7)

Reprint 2025-26



38 M ATHEMATICS

=x+2xy +y*+2xz + 2pz + 22 (Using Identity I)
=x*+y*+ 22+ 2xy + 2yz + 22x (Rearranging the terms)
So, we get the following identity:
Identity V:(x +y + )’ =x*+p2 + 72 + 2xy + 2yz + 2zx
Remark : We call the right hand side expression the expanded form of the left hand
side expression. Note that the expansion of (x + y + z)? consists of three square terms
and three product terms.
Example 14 : Write (3a + 4b + 5¢)? in expanded form.
Solution : Comparing the given expression with (x +y + z)% we find that
x=3a,y=4b and z = 5c.
Therefore, using Identity V, we have
(Ba +4b +5¢)* = (3a)* + (4b)* + (5¢)* + 2(3a)(4b) + 2(4b)(5¢) + 2(5¢)(3a)
= 9a> + 16b* + 25¢* + 24ab + 40bc + 30ac
Example 15 : Expand (4a — 2b — 3¢)*.
Solution : Using Identity V, we have
(4a — 2b — 3¢)* = [4a + (-2b) + (-30)]?
(4a)’ + (2b)* + (3¢)* + 2(4a)(-2b) + 2(-2b)(-3¢) + 2(-3¢)(4a)
16a* + 4b* + 9¢* — 16ab + 12bc — 24ac

Example 16 : Factorise 4x* + y* + 22 — 4xy — 2yz + 4xz.
Solution : We have 4x? + y* + z2 — 4xy — 2yz + 4xz = (2x)* + (—p)* + (2)* + 2(2x)(~)
+2(p)(2) + 2(20)(2)
= [2x + (-p) + z]? (Using Identity V)
=@x-ytzP=(Qx-y+2(2x-y+2)

So far, we have dealt with identities involving second degree terms. Now let us
extend Identity I to compute (x + y)°. We have:

(x+y)P=@+y x+yy
= (x +y)(x* + 2xp +)?)
x(x* + 2xy +3?) + y(x* + 2xy +)7)

_ x3 + 2x2y + xyZ + ny + 2xy2 +y3
X+ 3x% + 3x2 +y?
x4y Sap(x +y)
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So, we get the following identity:
Identity VI: (x+yp)P=x+p"+3xp (x +y)
Also, by replacing y by —y in the Identity VI, we get
Identity VII : (x —p)*=x - - 3xp(x — )
= x*— 3x% + 3xp?— )}
Example 17 : Write the following cubes in the expanded form:
(i) Ba + 4b)* (i) (5p — 3¢)’°
Solution : (i) Comparing the given expression with (x + y)?, we find that
x = 3a and y = 4b.
So, using Identity VI, we have:
(Ba + 4b)* = (3a)® + (4b)* + 3(3a)(4b)(3a + 4b)
= 27a* + 64b* + 108a°h + 144ab?
(i1) Comparing the given expression with (x — y)?, we find that
x = 5p,y=3q.
So, using Identity VII, we have:
(5p = 39> = (5p)’ — (39)’ - 3(5p)(39)(5p — 39)
= 125p* — 27¢° — 225p*q + 135pq*
Example 18 : Evaluate each of the following using suitable identities:
(1) (104)° (i) (999)°
Solution : (i) We have
(104)* = (100 + 4)°
= (100)* + (4)* + 3(100)(4)(100 + 4)

(Using Identity VI)
= 1000000 + 64 + 124800
= 1124864
(i1) We have
(999)* = (1000 — 1)
= (1000)* — (1)* —3(1000)(1)(1000 — 1)
(Using Identity VII)
= 1000000000 — 1 —2997000
= 997002999
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Example 19 : Factorise 8x* + 27)* + 36x% + 54x)?
Solution : The given expression can be written as
(2x)° + (3y)’ + 3(4x)(3y) + 3(20)(9°)
= (2x)’ + (3y)’ + 3(2x)*(3y) + 3(20)(3y)’
= (2x + 3y)’ (Using Identity VI)
= (2x + 3y)(2x + 3y)(2x + 3y)
Now consider (x +y + z)(x* + y*+ 2> — xy — yz — zx)
On expanding, we get the product as
X2+ Yy + 22 —xy—yz—zx) + y(x* + y* + 22— xy — yz — zx)
tz(2+ P+ 2 —xy—yz—zx) = x>+ x)? + xz2* — X%y — xyz — zx* + x%
+ 3y +y22 -t — Yz —xyz + Xz + Yz + 23— xyz — y22 — xZ?
=x3+y*+22 - 3xpz (On simplification)
So, we obtain the following identity:
Identity VIII : X* +p* + 22 = 3xpz =(x + y + 2)(x* + y* + 22 —xpy — yz — 2x)
Example 20 : Factorise : 8x* + )* + 272> — 18xyz
Solution : Here, we have
8} + 3+ 272 — 18xyz
= (2x)° +y* + (32)* - 32x)(»)(32)
=2x +y +32)[(2x) +)* + (32)’ - (20)(¥) — (N(B2) - (2x)(32)]
=2x+y+32) (4x* +)* + 922 — 2xy — 3yz — 6x2)

EXERCISE 2.4
1. Use suitable identities to find the following products:
(i) (x+4)(x+10) (i) (x+8)(x—10) (iii) (3x+4) 3x—5)
3 3
(i) 0°+2)0°=3) (V) 3-2x)(3+2x)
2. Evaluate the following products without multiplying directly:
(1 103x107 (i) 95 %96 (ii)) 104 %96

3. Factorise the following using appropriate identities:

2

() 9 +6xy+)? (i) 42— 4y+1 (i) v~ 2o
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4.

10.

11.

12.

13.
14.

15.

Expand each of the following, using suitable identities:

() (x+2y+4z)y (i) 2x—y+z)? (i) (—2x+3y+2z)
(iv) Ba—7b—c¢)? (V) ((2x+5y—3z) (vi) [%a - %b + 1}
Factorise:

() 4x*+9y*+ 162>+ 12xy—24yz— 16xz

(i) 2x2+)2+822— 22 xy+ 42 yz—8xz

Write the following cubes in expanded form:

3
i) @1y (i) (2a—3b) (i) Bx + 1}3 (iv) [x A % y}
Evaluate the following using suitable identities:
M (99 (ii) (102 (iii) (998)’
Factorise each of the following:
(1) 8a’+b*+12a%h+ 6ab? (i) 8a® — b*— 12a*b + 6ab?
(i) 27—1254*—135a+2254* (iv) 64a’—27b*—144a*b + 108ab’

19 |
VTP e —— 2 =
V) 27p'= g ~ 3P TP

Verify : () x° +)*=(x+y) (@ —xy +)%) (i) ¥’ —-3*=(x—y) (¥ +xy+)?)
Factorise each of the following:

(1) 27y* + 1252 (i1) 64m*—343n°
[Hint : See Question 9.]

Factorise : 27x* +)* + 23 — 9xyz

1
Verify that x* +33 + 23— 3xyz = B (x+y+2) [(x -+ -z +(z~- x)zJ

Ifx+y+z=0, show that x* +)* + z* = 3xyz.

Without actually calculating the cubes, find the value of each of the following:
O 12+ 7P+

(i) (28)*+(=15)°+(~13)°

Give possible expressions for the length and breadth of each of the following
rectangles, in which their areas are given:
Area:254*°—35a+12 Area:35y*+13y-12
(@) (i)
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16. What are the possible expressions for the dimensions of the cuboids whose volumes

are given below?
Volume : 3x%—12x Volume : 12ky? + 8ky — 20k
@ (i)

2.6 Summary

In this chapter, you have studied the following points:

1.

S AR U T

10.

11.
12.
13.
14.

A polynomial p(x) in one variable x is an algebraic expression in x of the form

px)=ax"+ta x"'+.. . t+tax*+ax+a,

where a, a, a,, .. .,a are constants and a # 0.

a,a,a, ..., a arerespectively the coefficients of x°, x,x*, . . .,x", and n is called the degree
of the polynomial. Eachofa x",a _ x*, ..., a, witha #0, is called a term of the polynomial
PXx).

A polynomial of one term is called a monomial.

A polynomial of two terms is called a binomial.

A polynomial of three terms is called a trinomial.

A polynomial of degree one is called a linear polynomial.

A polynomial of degree two is called a quadratic polynomial.
A polynomial of degree three is called a cubic polynomial.

A real number ‘a’ is a zero of a polynomial p(x) if p(a) = 0. In this case, a is also called a
root of the equation p(x) = 0.

Every linear polynomial in one variable has a unique zero, a non-zero constant polynomial
has no zero, and every real number is a zero of the zero polynomial.

Factor Theorem : x — a is a factor of the polynomial p(x), if p(a) = 0. Also, if x — a is a factor
of p(x), then p(a) =0.

(x+y+z)=x+)*+22+2xy+2yz+ 2zx

() =x'+y+3x(x +y)
(x=p)=x*=y = 3xy(x-y)

XH+y +2-3xyz=(x+y+z) (P + )P+ —xy—yz—zx)
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CHAPTER 3

COORDINATE GEOMETRY
I

What’s the good of Mercator’s North Poles and Equators, Tropics, Zones and
Meridian Lines?’ So the Bellman would cry; and crew would reply © They are
merely conventional signs!’

LEWIS CARROLL, The Hunting of the Snark
3.1 Introduction

You have already studied how to locate a point on a number line. You also know how
to describe the position of a point on the line. There are many other situations, in which
to find a point we are required to describe its position with reference to more than one
line. For example, consider the following situations:

I. In Fig. 3.1, there is a main road running
in the East-West direction and streets with
numbering from West to East. Also, on each
street, house numbers are marked. To look for
a friend’s house here, is it enough to know only
one reference point? For instance, if we only
know that she lives on Street 2, will we be able
to find her house easily? Not as easily as when
we know two pieces of information about it, W E
namely, the number of the street on which it is
situated, and the house number. If we want to
reach the house which is situated in the 2™
street and has the number 5, first of all we
would identify the 2™ street and then the house
numbered 5 on it. In Fig. 3.1, H shows the
location of the house. Similarly, P shows the
location of the house corresponding to Street
number 7 and House number 4.

—_— N W A W
Street 3

—_— N W B W
Street 5

—_— N W A W
Street 7 g

—_— N W A W

Street 1

— Street 2
AW N —
Street 4

[, 